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Introduction

Enumerative geometry of counting .

• what is curve ?

- stable
maps

f : C → X

g
> Iz c- Ghlx)

.

- I - dimensional subschemes Z E X
.

- stable objects in DKX)

• What is counting ? invariants of moduli spaces .

- homological , K - theoretic , motivic , . . .

- Q vs
2M ?
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→ Tug,nH, ×

Gromov-Witten
- a

"

•

g
,Qg!% ,

MNOP '

Quasi -map .C

Donaldson - Thomas •
• ( stable quotient)

Enix
,

wau-aossiI.lv#mttit!:E.cBpsanj
. )

( Pandharipand
•

Gopalan"-Vafa cops)

¢PTM¥m.

Chow

Sheaf theoretic moduli
mummy,



II. Definitions of Gw invariants
.

① GW they.

X : smooth projective 1€
,
f- HIX, 2)

MIRA, ⇒ [ f : Cc
, p : . . .,pr )
→ X ) : stable r- pointed map

sit
. LCC ) =L , fate ]

= f .

Tan = Ext ( ff*r×→rc(Epi) } , Oc )
Obs = Ext

'

( { f*r×→rc(Epi) } , Oc )
:
. 7- natural z - term pot .

of virtual dimension

✓ d = Sec, (X ) t ( dim X - s ) . ( t -g )
t r

-

( MIHM)⇒ [ ing.dx,
""

c- Aud
.



Using the universal diagram
r; e HMX )

t

MI.cx.es X

t 4: = c. ( ki )
- K
M
g.r

define descendent GW invariants

{ a.cn . . .

-

lair.gg?:=fIIYihi.evicriseQ .

[ nigh . J
"



When X : CY 3 - fold ( dimX =3
,

k× - Ox )
,

vd ( M-glx.es) →
.

i. Define

y
. Ngc : = Suzy

,

J
"
"

' Eine :=÷%. . .
.

④ - defined for any
X

.

-0 . Difficult to compute

- symplectic invariant .

% .

X =p -1 ⇒
kdv hierarchy

X =p
'

⇒ Toda hierarchy
-
mirror symmetry o

'invariants c- Q

-

rich structure e.g . GHFT . § . multiple cover
contributions

.

BFS
.



② DT theory .

X : smooth
pry
'

3 - fold
.

Interpretation of curve
.

mm
mm

/ L
DT

GW vs

>
.
horrible curve

• nice curve

# . nice map•
horrible map

←
( embedding )

In (X. e) ⇒ [ ZE X ) : subscheme of dim E l

s.t
.

[ 2) =p ,

XCX
,

Oz) =p
L

role ofg .



7- natural obst. theory of Hilbert scheme Ink
.

o → Iz-30×-3 Oz→ o

Tan = Ext ( Iz
,

Oz )

Obs
'
= Ext

'

( Iz
,

Oz ) ) 'II?
065 = Ext

'

( Iz
,

Oz )

= Ext
'

( Iz
,

Oz ) I,
Hom (Oz

,

Izxokx] = o

→ No [ Ink
,
J
"

. . .

? !



*
**key observation : Consider Ink

,
as a moduli of stable sheaves

.

{
"!¥%%? I f

rank 1 torsion free
⇒

sheaves I at
.

det 't eO× }
.

Z 1- Iz

I ↳E- Ox - I

As a moduli of sheaves
,

7- natural obst . they

A#= Ext ( Iz, Ido
Tan = EH

'

( Iz
,
Ido } z -term pot

.

I
2

Obs = EH ( Iz
,
Ido

#= EH
'

( Iz
,
Ido

↳ .

: Hock,) → Hom ( Iz
.

Izkx)



:
- 7- [ Ink

,

The Aud ( Ink.es) with vd -_ Seek)
.

Using the universal data If
[
independent on n

.

Ink
,

× X
r
;
c- HMX )

PL Ets t
Ink

.

X

define the descendent insertions

Info ; ) : = p* ( cha:# ( Iz )
. Etr: )

.

We define descendent DT invariants as

{Tak. ) " - talk ))!! := f.LI#,,jnIIthilri ) c- 2
.



Suppose X : CY 3- fold
.

⇒ vd=o
,

i
. Define . In

.gs
: = f I

1.
a:* :

÷
.

. ,

Moreover
,

Tan = Ext
'

( Iz,Iz)
,

→ Obs = Ext't Iz,Iz)o
Serve dual

.

-
: obstruction theory is symmetric .

The ( Behrend ) M : scheme Ic, with symm .

obst
. theory

.

⇒ Sanju 't = et" ( M
,
been.nl )

-
-

deformation invariant
.

motivic
.



④ - Integral valued } ⇒motivic refinement
.

- Motivic

- Higher rank DT theory
AS curve counting ?[

- Wall- crossing formula
.

' conjectural rationality in q
variable

.

-0 . dim X =3 restriction
.

( Now we have DT 4 - fold )

- Floating points .

Nnn

x
"""

resin ,
PT they

.



It
.

⇐ t of G#T.

① GW theory of f- o .

( dimX =3 )

M-grcx.co ) - Mj.xX X

/ (sg
-str > o )

.

constant map

O

n
ud = s + r

Z f dim = ( sg
-str ) t 3 = sgtr

i
.

7- Obst
.

bundle of rank 3g
→ what ?

T - Ohs



Obs = T - Tin

= - Ext
.¥pi, Oc ) t Tx.. - Ext' ( ff*e×→r¥. )? a)

In

→

÷÷÷¥
"" "" """" "'

= Tx
.
..
- H

'

( Oc ) ⑤ Tx
.

..

= Tx
.

.
- ( E - Ho ( w.5) ⑤ Tx

.

"

= Holway ⑤ Tx, f
w
't

E
g.r

so Obs = ⇐⑤ Tx where da y
E : = # Wx

.

HT Hodge bundle
g.r mum



÷ degree f- o Gw invariants

= Hodge integrals & HMX )

① g=o,
r =3 : f II. evil; ) = f

,

Kukuk

,

MI,xX

② g=l , r= I :

¥ .ae#EE)ue*n--fSn..i" )
- Si"""

.

H
M

"

↳ (x ) - disk) ¥4

③ 232 ,
r=o :

Say EEK) - ( ' fog 's: ) - Sims - acxsacx ,
we

¢



IB.gl/By-z/
Tg

-

F
- ug÷ where = Bn .

.

I Jycz - 4cL
Fact : 29k¥ .

- expfg.FM?c-isferzysi ) ①

~ MI-qjtfx " - c ' " if q= - ein
②

③

where Mlg ) := ÷g : McMahon function
.

it
= -2 of

IT :3 d - partitions .

.



② DT theory of f-
°

.

Ink
,
E- o ) = Hills (X

,

n) : Hilbert scheme of n points .

Study n 't case : I
,
(X
,

o ) = X

rd = o

,

dim =3 :
.

I Obs of rank 3
.

Claim : Obs = Rx⑤ KI
'

.

( for CY s-fold
,

Obs = Tai )

Assuming the claim
,

we
have

I
:p.
= S
,

elrx ⑤ KI
'

) = - f×c. - c. a

fJe
: ZYTEK . = In E = MEET"

- ""

.

"

Now proven for any
X
"



( proof of claim) Universal sequence
: o → Is → Q#→ Oo→ o

.

Tix
,

= H.com - EH.p.LIo.IO )
= Ext;.CO, Oo ) t Ext; , too, O)

- Ext;. ( Oo, Oo)

= Ext:( O, Oo ) - Ext; .CO, do ⑤ p¥k×j - EH.p.loo.lk )
= Ox - ki - Rp.* Ext

.

( 0*9
,

Oo )

Gwtfenaeg! →
= Ox -ki - R¥* EH.CO/x, doo )
= Ox - ki - o!o*O× ( L Oo ) ④ Wo [ dino ]

met
=
- (Lotos ) ④ KI

= Ox - ki + ( h
,

⑤ ki
=

-

Arx

y
£¥-¥t(8- rat six ④ ki

× = six ⑤ KI - ↳⑤ KIM 0¥
.

EH



IV
. XP Conjecture ( for X : CY 3 - fold )

E- = - ein
GW theory →

DT theory
.

To formulate the correspondence of fto theory ,
we need to define reduced partition function in both theories

.

Mr

D GW side : allow disconnected curve C
.

z'fin.us#exp(j..;Ng.e.n*:i)--itE.zIIngv
'

2) DT side :
remove floating point contribution

.

compare .

z'
'

Icq.us := = it T.p.III.ie - v
'

⇐ In.. - E



Fact : Both of reduced theories can be defined by
alternative moduli spaces .

→

. Z'Iucn, e ← MIX, : possibly disconnected c.

& f is non - constant

easy in every components .

→
. 277cg , 27cg ) , ← Pink. e)

.

Hardy
. -

hence integral .

cf, RH
,

parametrizes [ Ox → F ) s.tn
.

• F : pure t - Hm'd sheaf of [F) =p , XLF)
- n

• coker ( s) : o - din'd
.



Conjecture : X : CY s - fold
,
ft o .

1) Rationality : ZIT gie is a rational function symmetric under Ee E
'

.

2) GWIDT correspondence :

Z Yu>f- Z'
'I'cqs ,

under change of
variable E- =

- em
.

Rink
.

is proven by Bridgetand building on
work of Toda

, Joyce .

→ proven for many
cases by Pandhaiysande - Pixton , MOOP .

3) Rationality part is necessary
to make sense of q = - em .

⇒ Z
'"

,

2
'M

is expansion of
MT

a.mean.int#...i.....is .
{



V
. Equivariant x of IT they .

① Toric Geometry
.

IT A X toric 3 - fold → D : associated polytope ,

o Vertex of o e f Xxl : IT - fixed points .

• Edge of o ← { Cgl : IT- fixed line joining Xa
, Xe .

dim X =3 ⇒
*
Xa
,

7- 3 edges Caq , cap . Cdf .

*""room. ¥÷÷÷



In fact
,

above two examples are local pictures of X near Xa
. Cap

.

• Near Xa : IG = A
'

centered at Xa
.

7- coordinates t.tt, for IT
,

d
.

.

oh
,

313 for Ux

s.tn
.

( t.
.

-4
,

-4 ) . di = t; Hi
,

⇒ Ty,×. = ti't ti't -5
'

,

Ku
. ,x .
= -4kt.

.

• Near Cgs : Let Ncpa = Opfmae ) ④ 4km're ) .

transition map
:

Xz

"

""

÷
" '

×,
exit

,

animal
,

x.sink )

Up=Ua -Ue .



IT
② Description of fixed loci ( Ink

, )

Ze ( Ink
,

⇒ 21g : T- fixed in Va - A:*
.,×.

.

⇒ Is := Iz fu
,

E E [x ..mx, ] : monomial
.

{ 7.
,
} ⇒ fsd partitions a }

In :=f cheek, > I 4h' 't'd!' # Ia } E Z>!

Since ZEX is of dim El
,

Ty possibly have ihfntelegs

along 3 edges .

Define asymptotic of Tia as

day : =/ ( h> les ) ( th ,
> o
,

ol ! ' ohh'd?' # Ia } : zd partition
.



e.g .

T

4×3

"
I

a.
×
,

Hezd partition
Y7y↳ ↳

a,
↳ infinite edges

along Cae .



i
.
Set theoretically ,

( Inc, IT ⇒ i.
collection of Stael et

. Eldad - [cap =p
.

collection of { Ty} s
.

-1
.

whose asymptotes are

{ given by tap 's .

:÷:::÷:÷÷:::i÷÷:÷÷÷⇒ n = [ Ital t Ifk
.

.

0

Rmd
. ( Ink

,

is also reduced b/c Tanya = ExtI¥ ⑦ Ext
'
II,Iain
"

similarly ,

EFLIz.tt! - o
.



③ Virtual localization formula

[ Ink
. J
"

= E
I

⇒⇐%,yxe"TN
,

Now
,

N = X ( o ) - x ( Iz
.

Ie) e ki Cpt )
.

We compute NE by local - to -global spectral sequence & Cech cohomology .

* God : Ni: = I is + I. Ere .

T t

vertex contribution haze contribution
.

X ( Iz
.

Iz) = t ' Hill
,
sxfc-tz.es)

= t' E "
( x

,

sic,⇒⇒)
complex E . computes Holt 's" .

une



We use Cech complex w.r.tl Ua } covering .

= N = x(go) - X( Iz 't)

= go ( Twa ) - Ftii Twa, Saitta.IN))
-

¥
,
( Muad - Fei

'

humanity.IM)
i
,

no more d.fr - -
i b/c Idf = Other

.

= ( Nova) - XCIa.IS) t % (- Novae) txt'The, Iap)
.mm

nvm

↳is ↳
Ee

Cf) X( 0µs ) make sense only as a Tl - character
.

Moas) = ¥
.
.

'Ii't!' =u+,,×±, has pole at -4=1
.



- -

: XCF.gg =
NFF x CG)

Useful formula ×F
V-F.GE K:#A

"

)
.

pf, By (Ext - equivalent resolution
,

F- = I. Oantdi , G = Joan .

XCF.GS = §. t
F.
xcoan)

g. tix loan)=¥⇒)* . -3. nom

XLIII XLG)
=
-

xco5×
the



1) Vertex : o → I,→ Ra → Raft
,

→ o

e-

Define Qa := X ( Rats ) = I
tf't't!'

(hi
,

he,h3 ) C- TIL& QI Le ,.tt, ) : = Qalti ', ti ! -5
'

)
.

⇒ Th = X ( Ra ) - X ( Ra - 124¥
,

Ra - 124¥ )
= X ( Ra

,
Rafa) t X ( RHI

, .
R2) - X (MIA

,

MIL )

QT - X ( Ra) QT . Qa
= Qa t - - -

XCDF x (Raf

= Qa - e.fi#+QaoI.d--h4-tdl→ t.tt,

XCRa) = 1-

d-till' -tuk -t) ↳ Fa



→ tye : o → Iae → Bye → Hetty→ o

I
Exit

.Ex, ]He

× ( Metta ) = Ez
,

t? - I tf't:3
( hz.kz ) C- The
-
-

SH
, ) := Qays

similar calculation gives :

Eq = Sees . ( - one - III t Qaeaie .

" )
↳
Fae

⇒ Nin = I Fa t fit
. ' ' Fae

.



④ Redistribution of vertex & edge ontibutions .

Geol : redistribute Fa
,

fun . Fae so that

each terms are Laurentian ( QE-LF.tt, # T )

Note that Sct
, > =L .

. . -5't -5't -5
' ) t ( Itt , + tix - . . )

= +

.



i. Define Va :
-

- Fa t FHf÷÷t si
,
ii.
" 3=1 i. → I

.

We then need to modify Ep by

Ene :=tiYe¥ -

Clearly , N = Eva + Zeke .

The
.

Va
.
Exe : Lament polynomial

.

pf, i) Egg : enough to check for t
,

.

C '

: day : finite partition)
since numerator vanishes at -4=1

,

it cancel out

the denominator
.



→ Va : enough to observe

Qa = FEI
,

t +77¥ t ( Laurent polynomial)
5¥

* Much more can be said if X : toric CY 3 - fold
.

MNOP proves
GWIDT correspondence for toric CY 3 - fold

.

mm



⑤ Equivariant vertex measure .

×,

1^-13see

/ x(na
a

fee
X
,

Define wca.ir
,

i= I E÷, -

f
' " '

.

It (X , s)

Denote si : = ( t; ) e HTC pH
.

If V-a-jZa.a.qijthitEhh.thenetTv.FcI.s@is.thssHh.s. .



Thin
.

( dy o DT theory of A
'

)
,

⇐+s⇒uusncs

W ( 4. 4,6 ) = Mfg )
ssss,

-

[
local version of

no legs . J Cs - 44
,

where Mcqs - II. c.IT
.

×

[
(
3
- C

, Cz

°o° 5×5-4. =
a ecT, f Tx,×.

-- titties'

= [
-51525 , t G- 5. + Sats, ) ( sis, -1525+5,5 , )

g

f

-5,5253

= § ( - ⇐tsDGtsDC )5,5253



Opposed to transcendentalist of Wlol
, 0,0 )

,

we have

W C '
, 0
, f ) sets,

- = (ltqs : rational
→ WH

, 4,4 )
nm "

.

reduced
=


